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p-ADIC HYPERBOLIC PLANES AND MODULAR FORMS

JOHN A. RHODES

ABSTRACT. For K a number field and p a finite prime of K, we define a
p-adic hyperbolic plane and study its geometry under the action of GLy(Kp) .
Seeking an operator with properties analogous to those of the non-Euclidean
Laplacian of the classical hyperbolic plane, we investigate the fundamental in-
variant integral operator, the Hecke operator Tp. Letting S be a finite set of
primes of a totally real K (including all the infinite ones), a modular group
I'(S) is defined. This group acts discontinuously on a product of classical and
p-adic hyperbolic planes. S-modular forms and their associated Dirichlet series
are studied.

INTRODUCTION

In [St], Stark initiated the study of p-adic hyperbolic planes for application
to modular forms. In this paper we continue the approach, developing Hecke
operators which are then used to study Hilbert modular forms.

Of course there are already alternative approaches to Hecke theory for Hilbert
modular forms. The oldest goes back to de Bruijn’s work [dB] in defining a
Hecke operator for any ideal that could be expressed as a principal ideal times
the square of an ideal. However, this suffices only for those fields with odd class
number 4.

Herrmann remedied this situation in [H] by considering vectors of modular
forms with 2 components, each component modular with respect to a different
group arising from its associated ideal class. His Hecke operators, defined for
every integral ideal, acted on the entire vector, transforming each component as
well as interchanging their order. His work is rather involved reading, though,
primarily due to the use of ideal numbers as a bookkeeping device throughout.

The more modern introduction of adele groups into the theory of modular
forms gave an alternative way of viewing Hecke operators that, at least in lan-
guage if not in content, is far removed from Herrmann’s approach (cf. [W]).
While the adelic formulation is quite clean, some find it forbidding and the
connections to the classical theory are not always obvious.

In presenting yet another approach we hope, as Stark says, to help “bridge
the chasm separating the classical and modern points of view regarding mod-
ular forms and Dirichlet series.” While it retains the use of hyperbolic planes
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throughout, the approach presented here has obvious connections to the adelic
formulation.

I. THE p-ADIC HYPERBOLIC PLANE

Let K, be the completion of a number field, K, with respect to a prime
ideal, p. O, and U, will denote the p-adic integers and units, respectively, in
K, . The closure of p in K, will also be denoted by p. Choose any = € K,
generating the ideal p and fix this choice for the remainder of this paper. We
normalize the p-adic valuation so that |z|, = 1 /Ng(p) = 1/p/, where p is the
rational prime over which p lies and f is the residue degree of p over p. If
x € K, then by ord,(x) is meant the integer n such that x/n" € U, . Finally,

let {ai}{.’il be a complete set of representatives of the residue class field G,/p.

Our first goal is to define what is meant by the p-adic hyperbolic plane.
Stark [St], proceeding in analogy with the complex upper half-plane, fixed some
nonsquare unit, A, of K, and considered the set {x+VAy|x,y € Kp, y # 0}.
More generally, recall that every p-adic field has a unique unramified extension
of any given degree (see [La] for instance). Let L, denote the unramified
extension of K, of degree 2. Then its integers O(L,) are an O, module.
Furthermore, some element / of O(L,) can be found such that {1, I} is an
0, basis for O(L,). Of course I is not uniquely determined, so a choice must
be made and fixed.

Definition. With L, and I as above, the (unramified) p-adic hyperbolic plane
Hy istheset L, — K, = {x+1y|x,y € K,, y # 0} with the subspace topology
inherited from L,.

If z=x+1y isin H,, it will be useful to use x(z) and y(z) for the analogs
of the real and imaginary parts of z.

Given a matrix 4 = (‘C’ 2) € GL,(K,) , we associate to it the fractional linear
transformation

Aoz=(az+b)/(cz+d)
for z € H,. As in the classical case of the complex half-plane, a simple calcu-
lation shows that
¥(40z) = (ad - be)y(z)/NZ (cz + d).

Thus if y(z) # 0, then y(4oz) # 0 for any 4 € GL,(Kp). Since another
calculation shows that multiplication of group elements corresponds to compo-
sition of transformations, the above definition of Ao z defines a group action
of GL,(Kp) on H,. Clearly this action is transitive, as (} 7)ol =x+1Iy. It
is also useful to know what elements of the group fix I.

Lemma 1. The isotropy group of I in GLy(K,) is
Ly _ Nk
{ (d + c’i‘er(I) CN(;G(I) )‘ d,ce Ky, not both zero} .

Proof. Aol = (%) ol =1 means that al + b = I(cI +d). Using I* —
Trg (I +Ng(I) =0, we find that al +b = (d +c Trg (I)I — cNg(I) . Since
{1, 1} is a basis for L, over K,, we can now equate the “x ” and “y ” parts
of this last equation to show A has the form given above. Such a matrix has
determinant d?+cd Tr,’;: (I)+cN ,Lg; (I). Suppose this were zero. Then factoring
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this quadratic in L, shows (d + cI)(d + cI) = 0, where the bar denotes taking
conjugates in L, over K,. This is of course impossible, unless both ¢ and 4
are zero. 0O

The isotropy group or I is actually abelian. In fact, there is an isomorphism
of the isotropy group with L) given by

(d +cTrg(l) —eNg(I)
d

)'—»d+Ic.
c

Moreover this is a homeomorphism and the determinant of the matrix above is
just Nﬁ:(d + Ic). This is in complete analogy to the complex upper half-plane
case where the isotropy group of i in GL,(R) is composed of elements of
the form (7}, ), and this matrix is just the image of x + iy under the usual
embedding of C* in GL;(R). Hp, of course, could be viewed as G modulo
the isotropy group of 1.

H, has the topology it inherited from L, , which arises from extending the
p-adic valuation of K. A basis for the topology of H, can be given, though,
which behaves nicely under the action of GLy(Kp).

First, recall that in K|, we have the filtrations

0p=p03p1 DDZD“'DD"D'“ ,
U=UD>UD>U;D---DUp D,
where U, = {€ € Uple = 1 (modp")} for n > 1. The first is just a fundamental

system of neighborhoods of 0in Kj, while the second (from which we omit a
subscript p) is a fundamental system of neighborhoods of 1 in K.

Definition. If z=x+ 1y € Hp, let
M} ={u+1IveHl(u—x)/yep®andv/y € Up}.

Clearly M? > M} > M2 > ... . Note that M? is unchanged if y is replaced
by ¢y where ¢ € U, or if x is replaced by x + ya where o € p". In fact
¢ € M} if and only if M} = M]. Thus any M} and M are either identical

or disjoint.

Lemma 2. The M" form a basis for the topology of Hp .

Proof. Since L, is unramified over K, and {1, I'} is an O, basis for O(L,),
then the valuation in L, of x + Iy, with x,y € Kp, is just |x + Iy|, =
max{|x|p, |y|p} . Thus two points in Hp will be close if and only if both their

x parts and y parts are p-adically close. Butif z=x+1Iy and { =u+ Iv,
the statement that &£ € M? is exactly that x —u € yp” and y—v eyp”. O

Although it can be shown by direct calculation that if 4 € GL;(K,) and
z € Hy then Ao M = M}, that proof is rather unenlightening. Instead we

0z?

give a proof following several intermediate lemmas, which will be of use in their
own right as well.

Lemma 3. Let A € GLy(K;), det(A) € U,. Then Aol € M} if and only if
A € GL(G,) and for some c,d € K,

4= (d+cTr§:(1) —cNg(I)

c d ) (modp").
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Proof. Firstassume 4 = (25) € GLy(0Op) satisfies the congruence above. Then
calculating

bd + be T2 (I) + acNg (1) + I(ad - be)
o] =
ANR (1) + cd Trg (1) + d?

we see that the denominator here is congruent to det(4) (modp”), and hence
y(AolI) € U,. Also one sees that bd + bcTr,[a(I) + acNﬁ:(I) =0 (modp”),
and so x(AoI)ep”. Therefore Aol c M.

Conversely, if Aol € M}, det(4) € Uy, let x+Iy=Aol. Then (37)A4
is in the isotropy group of /. So by Lemma 1

(1 —x>A= (d+cTr§;(1) —cNﬁ;(I)>
0 vy c d
for some ¢, d not both zero.

Since y € U,, the determinant of the left-hand side is a unit. But the
determinant of the right-hand side is just Nﬁ: (d+1Ic). Therefore d and ¢ are
actually integral and the right-hand side is in GL;(G,). Thus

= ((1) —yx)-l <d+c’£rf;;(1) —cNé';:(I)) € GLy(0))

(6 5)=( ) o

A satisfies the stated congruence. 0O
Corollary 4. Let A€ GLy(Kp). Then Ao M]' = M} if and only if

am 0
A—(O nm)B

BeGLy0,), B= (d + CZ’?(’) ‘CN‘%:(’)) (modp").
Proof. First assume det(4) € U, . Then AoM[' = M]' implies that in particular
Aol € M, so by Lemma 3 the congruence is established. Conversely, if A
satisfies the congruence and z = x + Iy € M}, then Aoz = A(}{)oI. But
since (§7) is congruent to the identity mod p", we see A(}7) satisfies the
congruences of Lemma 3, and hence A(§7) oI € M}, s0 Ao M} C M}. The
reverse inclusion comes from considering A~!.

If ordy(det(A)) is even, rescaling by ("(;" ) for appropriate m reduces this
case to the first.

Finally, the case ordy(det(4)) odd does not occur. For if 4 = (4%) and

Aol =x+1y,then y = det(A)/N,lg:(d +Ic). But ord,,(Nfg;(d + Ic)) is even

since L, is unramified over Kp. Thus ordy(det(4)) is odd implies ordy(y) is
odd,sothat y ¢ U, so Aol ¢ M. O

b

and since

where

The reason that we have taken L, to be an unramified extension of K, is
just so that this corollary would hold.
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Proposition 5. If 4 € GLy(Ky), then Ao M} = M’ .. That is, the M} form a
GL,(Kp)-invariant basis for the topology of Hy.

Proof. If z =x + Iy, it follows easily from the definition of M} that (}7)o
M} = M} . Therefore, once it is shown that B o M} = M} ,, the proposition
will follow since then

no_ y X n_ aqn — AN

AoM] =4 (0 1) o Mj _MA(ﬁ’l‘)oI =Mj,,.
Now M} = Co M]' for any C satisfying the requirements of Corollary 4,
s0 Bo M} = BCoM]. Butif B = (25), then such a C can be found so
that BC = (} 7). This is done as follows: Let e = —dn™, and g = cn™,
where m is minimal such that ¢ and g are integral. Solving the congruences
e = h+gTrﬁ:(1) (mod p*) and f = —Nfg;([)g (mod p") for A and f,
we can construct a matrix (j ) in GLy(G,) satisfying the congruences of the
preceding corollary. Furthermore

(£ 85 4)-(57) forsomer.s. anar.

Multiplying (; { ) by ( ’é’ 1(;,) gives a matrix C with all the desired properties.
Therefore
BoM!=BCoM!= <36 ’f) o M= M"

for some z. Finally, since BoI € M}, and M is just as well indexed by any
of its elements as by z, we have Bo M} = Mg ,. O

Actually, for each n > 0 the proofs above give a decomposition theorem for
the group GL,(K,) (or even GLy(K)). Namely, any matrix B in the groups
can be written (}7)AC where C € GL,;(G,) is congruent mod p” to an
element of the isotropy group of I and A is in the center of the group.

Since the compact sets M? for fixed n are permuted by the action of
GL,(K,), there is a GL,(K)-invariant measure on H,, denoted by u, sat-
isfying

WM =1,  p(M})=1/NE®)NE®) - 1),
u(MZH) = u(M7)/NE(B)? forn> 1.

When modular forms are defined below in such a way as to extend Hilbert
modular forms, they will necessarily be constant on sets of the form M?, for
some fixed n. The measure defined here, then, will be the appropriate one with
" which to integrate them.

Definition. A function defined on H, is called locally constant of order n if it
is constant on all sets of the form M7 .

When defining modular forms on products of the complex upper half-plane,
one requires that they be eigenfunctions of certain differential operators. The
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operators considered are the “simplest” ones that commute with the slash op-
erator. It is only by requiring that modular forms be eigenfunctions of these
operators that the full shape of their Fourier series can be determined, and
hence the gamma factors of the associated L-series. An analogous course will
be followed for the p-adic plane.

Definition. If f: Hy, — C, then the slash operator of weight k is defined by
flo.kA(2) = fled (2) = f(A 0 2)(lcz + dp) (| det(4)]p)*/?
where 4= (25) € GLy(Kp).

One checks that f| A|xB = f|x(AB) and that if f is locally constant of
order n then sois f|i 4.
Note that

WIE2(flkd) = (s> NloA

so we would lose no generality by only considering the weight O slash operator.
While the concept of weight is essentially fictional in this context, it will be
convenient later on.

We are now interested in operators 7T acting on functions defined on H,
such that

T(flxd) = (T4 forall A € GLy(K,).

In the complex half-plane case, the non-Euclidean weight k “Laplacian” is such
an operator. However, since there is no point in differentiating locally constant
functions, this does not help us in the p-adic case. On the other hand, in order
to study eigenfunctions of differential operators, it is standard to look at related
integral operators and integral operators can be investigated in the p-adic case.

Definition. If g(¢, z): H, x H, — C is locally constant of order n in both
variables, then let the operator T, be defined by

(Tef)(2) = /H FE)8(E, 2)du(E)

whenever this makes sense. (Here du is the invariant measure defined above.)
Definition. 4(¢, z): Hy x H, — C is called a point-pair invariant if
h(Ao&, Aoz)=h(, z) forall 4 € GLy(Kp).

Lemma 6. Let z=x+1y and £ =u+1Iv. Then T, commutes with the weight
k slash operator for all compactly supported locally constant functions of order

n ifand only if (&, z) = |y/v|k/ 2g(é , Z) IS a point-pair invariant.
Proof. Let A= (%%) € GLy(K,). Then (T f)|xA = Tg(f|c4) means that

ez + dly* det(A)[5/2 / f©g(E, Ao 2)du(@)

- /H (e + d|;*| det(A) 2 f(A 0 )g (¢, 2)du(E)




p-ADIC HYPERBOLIC PLANES AND MODULAR FORMS 475

or equivalently, by using the invariance of u, that

ez +d|3* /H f(Ao&)g(A0E, Ao 2)du()

_ /H & +dIp* f(A0E)g(E, z)du(E).

This holds for all f if and only if
lez+d; g(A0&, Ao z) = |cE+d|;*8(¢, 2).

That is, |y/v|';/ 2g(&, 2) is a point-pair invariant. O

Now it is clear that we should look for locally-constant of order n point-
pair invariants. If g(&, z) is such a function, then it gives rise to a function
g(¢&) = g1(&, I). With certain conditions imposed on g the process can be
reversed.

Lemma 7. Given gy: Hy — C locally constant of order n, define g,(¢, z) =
8o(&) for z € M}'. Then g, extends to a locally constant of order n point-pair
invariant if and only if go(£) = go(A o &) for all A such that Ao M} = M} .
Proof. First suppose g; extends to a locally-constant point-pair invariant and
AoM} = M} . Then A~'oM} = M} so gi1(¢, 1) = gi1(&, A7 ol) = g (AL, I),
0 8(§) = go(A40¢).

Conversely, suppose go(£) = go(4 o &) for all 4 fixing M[ as a set and
define g1(¢, z) = g1(Ao&, Ao z) = go(Ao&) where A is chosen so that
Aoz € MI'. If g is well defined, then by the transitivity of the action of
GLy(Kp) on Hp, g is defined on all of Hy, x H,. Further, if 40z € M},
then gi(Bo&, Boz) = g(AB~'(Bo&), AB~!(Boz)) = go(Ao¢&) by definition.
Thus g (Bo&,Boz) = g(&, z) and g, is a point-pair invariant. It only
remains to check consistency of the definition: for fixed z, A and B such that
Aoz,Boze M}, wemust show go(4o&) = gy(Bo&). But BA~'o M = M}
so this follows at once from the hypothesis. O

If we are interested in having our operators T,, where g(¢,z) =
|y/'v|l,§/ 2g(é , Z) is a point-pair invariant and go(¢) = g1(£, I), act on all lo-
cally constant functions on Hp, then it is necessary that the integral in the
definition of T, reduce to a finite sum ultimately. That is, go must have com-
pact support. The obvious way to construct a compactly supported function gy
such that go(&) = go(Ao&) forall A in some group G is through characteristic
functions. More specifically, if a set M in H, is invariant under all matrices
A € G, then taking g to be the characteristic function of M gives a function
of the type desired.

Lemma 8. Let z = x + Iy € Hy, G" = {A|Ao M} = M}'} for some fixed
n. If G*(31)G" = U, AiG" is a double coset decomposition, then G" o M} =
U;Aio M} .

Proof. J;AioM[' =J; 4;G" oI since M} =G"ol. So

Jaiomp =0 (3 7)orer
i

=G (y x)oM,”:G"oM;'. O

0 1
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Now given any point z € H,, one can let hy be the characteristic function
of G"o M. Then via Lemmas 6 and 7 there is an associated integral operator
T, that commutes with the weight k slash operator. Of course the operators
arising from two distinct z will not necessarily be distinct. Already it is obvious
that any integral operator T, associated to a compactly supported gy via the
above lemmas will be a linear combination of the operators described here, since
go itself must be a linear combination of characteristic functions of sets of the
form G"oM7} . Since we are looking for an analog of the Laplacian for functions
on H,, we would like to find a single fundamental integral operator in terms of
which all integral operators commuting with the weight k slash operator can be
expressed. In general, such an operator does not exist. However if we specialize
to the case which will ultimately be most valuable anyway, namely the locally
constant functions of order 0, there is such an operator.

Therefore, for the remainder of this section all functions will be locally con-
stant of order 0, i.e. constant on sets of the form M, = M?. Recalling from
Corollary 4 that AoM; = M; if and only if 4 = (’g’ 2. )B where B € GLy(Qp),
we let G = GLy(Gy). Then M; = GoI. The p-adic Laplacian is now easily
defined.

Definition. Let /, be the characteristic function of the set

pf
T 1 0
GoMi, = LJ] (0 C;’) o MU (0 n) oM.
=
Then if 7; is the integral operator associated to lo, let T, y = T, = |n|'~*/2T;.
T, will be called the weight k Hecke operator for the plane H, .

Of course one must check that
0 ’ 10
T _ T «a;
(5 1)e-0 7)eu(s 2o
=
so that, by Lemma 8, G o Mj, really is as stated in the definition above. This

is standard, so we omit the tedious verification. We now give a more explicit
description of the way 7, acts on functions.

Lemma9. If z=x + Iy, then

pf
Tof(2) =7y Y f(x + iy + Iny) + |2l ™ f(x + Iyn ™).
i=1

Proof. Let A= (§7*) € GLy(K;) s0 Aoz =1. Then [(&, z) = j(Ao&, I) =

lo(A 0 &). Therefore

1 if¢eAd'GoMy,,
b, z) = { 0 otherwise.
Letting & = u + Iv, then
1-k/2 v kf2
T,/(2) = ™ el aue.
EEA-'GoM;, y P
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Since

4 ) —1
A_1G°M1n=U<y(;z x+laly)0M[U(y7:) T)OMI,

i=1

then using that f is locally constant

pf
Tof(2) = |nly ™/ [Z f(x +aiy + Iyn)|nls? + f(x + Iyn-l)|,,|;k/2] 0

i=1
The key result concerning 7, is

Theorem 10. Any integral operator T, acting on functions on H, which com-
mutes with the weight k slash operator and which is associated (via Lemmas
6 and 7) to a compactly supported gy can be expressed as a polynomial in T,
with complex coefficients.

In the course of proving this the following explicit double coset decomposi-
tion will be needed.

Lemma 11. If n is a nonnegative integer and A" denotes the set of 2x2 matrices
with entries in O, and determinant in p" — p"*!, then

GarG = (’6’ nf_,) G

where the union is disjoint and taken over j =0, 1, 2,...,n and B running
through a complete set of representatives of G, mod p’ .

Proof. The proof is exactly as the analogous fact for double cosets of SL,(Z)
used in standard treatments (e.g., [Sh]) of the Hecke operators, and is there-
fore omitted. We only note that since we are taking left coset representatives
instead of the usual right coset representatives, we have S mod p’/ rather than
mod p*~/. O

Proof of Theorem 10. The proof will proceed by induction, but first the inductive
parameter must be defined. Given a nonzero operator T, as in the statement
of the theorem, let m(g) be the largest integer m such that go(Iz™) # 0. It
must be shown that m(g) exists since it is conceivable that go(/n™) = 0 for
all m even though T, is not identically zero.

We claim that in fact m(g) > 0 and m(g) = 0 if and only if gy vanishes
outside of M;. We will repeatedly use that go(z) # 0 implies that go(&) # 0
for any

ceGor. =G (3 T)om=c(} 1) (7 p)eor.

0

Let z be any point such that gy(z) # 0. Then replacing z by (

-1
necessary, we may assume ordy(y) > 0. Also, by replacing z by ((1)
necessary, we may assume ordy(x) < 0. If ordp(y) = ordy(x) = 0
x+ Iy € M; so m(g) > 0. Otherwise, let n = —ordy(x) so that

(6 )% =)=(5 %)
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where o, y € G, and B € U,. Then

o(5 2)o-o(3 s

since one can calculate that

(6 9)=(a ) (T 1) (2 5):

So go(ayI) # 0. Since ordy(ay) > 0 by construction, this shows m(g) > 0.
If go vanishes outside of M; it is clear that m(g) = 0. But if go(x) # 0 for
some z ¢ My, then (% §)oz ¢ M; and ()!)oz ¢ M;. Therefore in the
process above we are forced to follow the course involving rescaling (§7) by
(= %) and therefore m(g) > 0.

The argument now proceeds by induction on m(g). If m(g) = 0, then
go vanishes outside of M;. Let ¢ = gy(I). Then the associated point-pair
invariant is

c iféEeM,,

&ie, 2) = { 0 otherwise,

so Tgf(z) = sz f€)cdu(&) = cf(z). Thus T, acts as a scalar. Assume
now that if m(g) < N then T, is a polynomial in 7, (of degree m(g)). In
particular if A, is the characteristic function of

)
GAGol =] ( . n,’f_j) o Mj,
J,B
then m(h) = N so T is a polynomial in 7, (of degree N). Moreover,

T,Tyf(2) = |nls %2 /H /H FEORE, DI, 2)du(&) du()

= |z)y 2 /H 1) [ /H ne, iz, 2) d/t(z)] ()

since for any fixed z both /(7, z) and A(£, z) have compact support. The
kernel

k(Z, z) = [n|L " /H h(E, T)l(z, 2)dp(t)

is just Tph(&, z) where T, acts in the variable z. Therefore, by Lemma 9

pf
k(E, z)=|nlp Y h (c, X +aiy +Iny) + x|} *R(E, x + I%) .

i=1

Now ko(&) = ky(&, I) = |1/v[E/*k(&, I) so ko(£) = O exactly when k(&, I) =
0. Therefore

p’ k/2 k/2
Ko@) = 0o mly 30| 2| i€, a4 1)+ 1y ¢ 2] T 1) = 0
i=1

o gho (é""") + ho(m) = 0.

/4
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Then we see that ky(Iz™) =0 if m > N+ 1 and ko(InV*!) # 0 since

N+1
ho (” . I) 1, k@M =0,

N+ly __ .
ho (%):o, for all ; # 0 (mod 7).

Thus m(k) = N +1. But by construction T} is a polynomial in 7, (of degree
N +1). Given any operator Ty where m(g) = N+1,let T; = Ty —cT; where
¢ = go(InN*!) /ko(Ix¥*1). Then m(j) < N and hence 7; is a polynomial in
T, (of degree < N). So finally, T, is a polynomial in 7, (of degree N+1). O

The analogy between T, and the non-Euclidean Laplacian suggests that with
a properly defined L? norm, 7, should be a symmetric operator. In fact, that
is the case.

Definition. Let (f, g) = [, f H, |y| du(z) whenever this makes sense.

Proposition 12. If f and g are compactly supported locally constant functions
on Hy, then (T,f, g) = (f, Tpg)-
Proof.

(Tof, 8) / T, /() @)l du(z) = / / FOIE, 2)du@ @I du(z)
- / 1) / 2DIE, 2)yk du(z) du(@).
H, H,

But
() Tyg) = / @ / 2@z, Ol du(z) du(E).

So we must show /(¢, z)|y|k = I(z, &)|v|¥. Butsince (£, 2) = [v/y[s/* L (&, 2),
we are reduced to showing /; (&, ) = 11( , €). Since ll 1s a point-pair invari-
ant, it is enough to show that /;(&, 1) = [ (I, &). Since (|} ‘“) & =1, thisis
equivalentto /,(¢, I) = [j(—uv~'4+Iv~1, I). Thisisjust saying u+Jv € GoM,
if and only if —uv~! 4+ Iv—! € Go My, . By the explicit characterization of this
set given above in the definition of [y, this is true. O

Finally, we note that by breaking H, up into the M, , we are really looking
at the tree GLy(K,)/GL2(Gp) (see [Se]). A coset AGLy(G,) is identified with
AGLz(Op) ol=4 OM] = MAoI .

II. THE MODULAR GROUPS FOR THE S-INTEGERS OF A NUMBER FIELD

Let K be a number field and S, the set of infinite primes of K. Let S be
any finite set of primes of K containing S.,. We use S;, to denote S — S
Unless noted otherwise, p will denote an arbitrary prime of K, either finite or
infinite.

Definition. The set {x € K||x|, < 1 for all p ¢ S} with the operations of
addition and multiplication is called the ring of S-integers of K and is denoted
by Ok (S) or simply O(S).
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Definition. The set {x € K||x|, = | for all p ¢ S} with the operation of
multiplication is called the group of S-units of K and is denoted by UK(S)
or simply U(S). U*(S) denotes the subgroup of totally positive S-units, i.e.,
those units all of whose real conjugates are positive.

With this notation the algebraic integers and units of K are specified by
taking S to be So
A few words must be said about the ideal structure of O(S). There is a map

Fractional Ideals of O(S,,) — Fractional Ideals of O(S)

given by sending an ideal a to aO(S), the ideal it generates in O(S). This
map is surjective and the kernel is precisely the ideals of O(S,) which are
products of only those primes in Sg,. The group of ideals of O(S), then, can
be identified with the group of ideals of O(S.,) modulo the subgroup generated
by Sﬁn .

Furthermore, the ideal class group of O(S.,) maps onto the ideal class group
of O(S). The kernel of this map is precisely those classes containing some ideal
that is a product of only primes in S. Thus by a judicious choice of S one
can ensure that O(S) have class number 1. In general, we use A(S) to denote
the class number of the S-integers.

To simplify matters so that particular attention can be paid to the finite
primes, we will consider only K totally real for the remainder of this chapter.
We will, however, make comments on how a more general K could be handled.

Just as one can classically study modular forms attached to the ring of alge-
braic integers, one should be able to make sense of modular forms attached to
the ring of S-integers of K for more general S. We will consider two different
analogs of the modular group.

Definition. I';(S) = SL,(O(S)) is the group of 2 x 2 matrices with entries in
O(S) and determinant 1. I'y(S) = GL,(O(S)) is the group of 2 x 2 matrices
with entries in O(S) and determinant in U(S).

These groups will act discontinuously on the space which we now define.

Definition. If p is a real infinite prime, let H, = HUH' = {x +iy|x,y € R,
y # 0} be the union of the upper and lower half-plane models of the hyperbolic
plane. If p is a finite prime, let H, be the p-adic hyperbolic plane as developed
in the preceding chapter. Finally, let H(S) = Hpe sHy.

The action of GL3 (R) on the upper half-plane H via fractional linear trans-
formations is well known. Because we will not always be requiring that our
matrices have totally positive determinant, it is necessary to include a lower
half-plane as well. Thus with the results of the preceding section, for all p
there is an action of GL,(Kp) on H,.

This gives rise to an action of I'y(S) on H(S) by: If 4 € T'y(S), z € H(S),
z=(..,2p,...), then Aoz =(..,Apozp,...) where A, means the p-
conjugate of 4 (obtained by taking the conjugate of each entry of A) if p is
infinite, and simply A viewed as an element of GL,(Kp) if p is finite.

If we were to consider K with complex primes p, then we would let H, =
H3 ={x+ky|x €C, y e R,y >0} be hyperbolic 3-space, viewed as a subset
of the quaternions. Then SL,(C) acts on H, for complex p via fractional
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linear transformations (cf. [St]). The only problem with this is that then we
would be able only to consider matrices of determinant one (or at most matrices
whose determinants were real and positive in each complex conjugate). If one
is willing to accept this then much of what follows can be trivially modified to
that situation. That course is not followed here since we wish to show in §VII
the connections to Herrmann’s theory for Hilbert modular forms, and since as
S is made larger we will find the fundamental domain of I'y/(S) changes more
nicely than that of T'j(S).

A point z € H(S) will be denoted by x + Iy where x = (..., x(zp),...)
and Iy = (..., Iy(zp), ...) and I, means i, k, or the I, of §I respectively
as p is real, complex, or finite. z;;r and zg, will be used to denote the obvious
infinite and finite parts of the vector z.

For each p € Ss,, L, denotes the quadratic extension of K, used in con-
structing Hp. Similarly, let L, denote the complex numbers (or quaternions)
as p is real (or complex).

As in [St] one sees that I'y(S) and I';(S) both act discontinuously on H(S)
and thus have fundamental domains. When S = S,, the determination of an
explicit fundamental domain for these groups is a classical problem. One would
not expect it to be a simpler process for arbitrary S. However, it is at least no
more difficult as we will see.

The approach we use here is very concrete. We reduce the question of de-
termining the fundamental domain to that of determining the fundamental do-
mains for certain groups acting on H(S). This particular form of the domain
will be needed later, though it also helps clarify the nature of the groups I'y(S)
and TI'((S).

We first need some notation in order to study the action of these groups on
H (Sﬁn) :

Definition. For any point w = (..., Wp, ...) € H(San), let My, = Hpesﬁn My, ,
where M, C H, is the neighborhood of w, defined in §I.

By Proposition 5 of §I, the action of any 4 € GL;(K) on M, isjust AoM,, =
M Aow -

We first consider investigating a fundamental domain for I'y(S) . Temporar-

ily, let G be the subgroup of the ideal group of O(S,) generated by those
primes in Sg,. Let H C G be the subgroup of principle ideals in G. Then
Cs = G/H is a subgroup of the ideal class group of O(S,.). Consider Cs/C2,
i.e., Cs modulo squares in Cg. Then a finite set {a;} of ideals of G can
be found giving a complete set of representatives of Cs/C3?. Fix any such set
{ai}.
Definition. If a is an ideal of O(S,,) with all its prime factors in S, let w(a) €
H(Ss,) be the point (..., Iyn™,...) where np, = ordy(a). Conversely, if
Iy = (..., Lyyp, ...) € H(Sn), let 1d(Iy) be the ideal [[,cg p%0# . Thus
Id(w(a)) = a, but w(Id(Iy)) is Iy only “up to units”.

Lemma 1. If w € H(Sgy,), then there exists an A € T'y(S) such that Ao My, =
My, for some i. Furthermore, i is uniquely determined.

Proof. Given w € H(Sgp), write w =x+Iy =(..., Xp, ...)+(ovs Lp¥p,...).
By an application of the Chinese Remainder Theorem, at € O(S) can be found
such that x, — t € GQ,y, for all p € Sg,. Therefore (7)o My = My,




482 J. A. RHODES

The lemma is now reduced to showing: 4o M, = My, for some A4 € I'y(S)
if and only if Id(/y) and Id(/v) have the same image in Cs/C3, (i.e., if
and only if Id(Jv) = (a)a?Id(Iy) for some ideal a and number a € K, both
divisible only by primes in Sg;).

First, suppose 4 € I'y(S) and 4o Mj, = My, . Then Ao My, = My, for
each p € Sg,. If / = ordy(yp,) and m = ordy(vp) , then

™m0 0
(0 1)A(0 1)°M’-=M’»

so by Corollary 4 of §I

-m l} n
("0 1)4(5 V(T o)eom@

for some integer n. Taking determinants shows n2**/=" det(A4) € U, , or more
suggestively () = (det(4))(n")?(n') in K,. Combining this local information
for each p € Sg, shows Id(Jv) = (det(A))a?Id(Iy) for some ideal a.

Conversely, suppose Id(Iv) = (a)a?Id(/y) and choose any nonzero S-integer
d € a—!. Then we can find an S-integer ¢ such that (¢, d) = (1) in O(S) and
ordy(clpyp+d) = ordy(a~!) forall p € Sg, . Indeed, this just places congruence
conditions on ¢ for p € Si, and for any additional p dividing (d). By the
Chinese Remainder Theorem these finitely many conditions can be met.

Now S-integers a and b can be chosen so that 4 = (¢ %) has determinant
a. Thus 4 € T'y(S) and we calculate

Aolyp=up+ —fwyl’— for some u, € K.
NZ (chpyp +d)
But
rd, M = ord, (M) = ordy(1d(Iv))
N2 (chyp +d) a
by construction. So 4o My, = M, ., for each p € Si,, and some u,.

Now replacing 4 by (§7') oA for appropriate ¢ (chosen similarly to that at
the beginning of the proof), we have 4o M, = Mj,, forall p € Sg,. Thus

AoMy,=Mp,. O

Proposition 2. A fundamental domain F for the action of T'y(S) on H(S) of
the following form exists:
With {a;} as above, let F, ; C H(Sx) be a fundamental domain for

r, = {(‘; Z) €Tu(S)ceba, bebaa,deb,

(ad — bc) = b?* for some ideal b of O(Soo)} .

Let F}=Foo,iXMw(,i)CH(S). Then F=U,E

Proof. Given any point z € H(S), by Lemma 1 itis I'y(.S)-equivalent to points
whose finite parts are in M,,,,) for exactly one i. Suppose z and 4oz have
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finite parts in M, ) for some A € I'y(S). Then 4o Myu) = Myq,), SO
Ao Mpam = My,,m where m = ordy(a;). Thus

™ 0 " 0
(0 1)A(o 1)°M"=M’-

so by Corollary 4 of §I,

™ 0 am™ 0 " 0
("o" DT 9)=(5 =)

for some B € GLy(G,). If B=(¢7) then

n n+m
A= ( eztt—m fﬂ n > .
gn hn
Combining this local information for each p € Ss, we find A is in the group de-

scribed in the statement of the proposition. Thus by the definition of F,, ;, no
two points of F; are I'y(S)-equivalent and so F is a fundamental domain. O

An explicit determination of possible F., ; will be left unaddressed here, as
that only involves the infinite primes.

Before we turn to I'j(S), we note that if K is a quadratic field and S is
sufficiently large then the set {a;} is a set of representatives of the (weak) genus
classes of K.

We now consider I';(S). Temporarily, let G be the subgroup of the ideal
group of O(S.) generated by those primes in Sg, . Fix any {b;}, a complete
set of representatives of G/G?. Then

Lemma 3. If w € H(Sg,) then there exists an A € I'y(S) such that Ao M, =

My, for some i. Furthermore i is uniquely determined.

Proof. If we try to repeat the argument of Lemma 1 everything goes through as

before except we are restricting the determinant of the matricestobe 1. 0O
The analog of Proposition 2 is

Proposition 4. A4 fundamental domain F for the action of T'\(S) on H(S) of the
Jollowing form exists. With b; as above, let F., ; C H(Sx) be a fundamental
domain for

rl,,,,:{(‘; Z) eT(S)lceb™", beb;, a,deO(Soo)}.

Let F; =Fy ; XMw(b‘.) C H(S). Then F=UiFi~

Proof. Exactly as Proposition 2, taking into account that we only allow deter-
minant 1 matrices. O

Notice that as S grows, the fundamental domain of I';(S) grows more com-
plicated in its finite components, but that once S contains enough primes to
generate the ideal class group, that of I'y(S) stays the same in its finite com-
ponents.

It is well known that I'j(Se) has A(Sw) cusps. We will see that the analo-
gous result holds for I'y(S) and I';(S). Although the argument is identical to -
the classical one, it is included here for completeness.
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Definition. A matrix 4 € GLy(K) is called parabolic if A has Jordan form
(81);ie.,if BAB™!=(}}) for some B € GL,(K) where K is the algebraic
closure of K.

The parabolic matrices are those that produce what is essentially a translation
when applied to H(S) and thus are necessary if one is to develop Fourier series.
A simple calculation gives

Lemma 5. If A € GLy(K) acts nontrivially on H(S), then A is parabolic if and
only if det(A) = (Tr(A4)/2)%.

Lemma 6. If A € GLy(K) is parabolic, then A acting on [],cs(Lp U {o0}) via
fractional linear transformations has exactly one fixed point, and that lies in
K U {oo} (embedded along the diagonal).

Proof. Let A= (95%). Thenif ¢ =0, then 4 is parabolic means a = d and
b#0. Thus aoz =z means az+ b = az, which can happen only if z = cc.

If ¢ #0,then Aoz = z means az+ b = cz2+dz or z is a root of
cx?+ (d —a)x — b =0. Therefore

z_a—d:l:\/(d—a)2+4cb _a—d=*+/(d+a)?-4(ad - bc)
B 2c B 2c

_a-d=+ VTr(4)2 —4det(4) a-d

2c 2c
by the preceding lemma. So z€ K. O

Thus we can associate to any parabolic matrix A its fixed point in KU {oc}.
One can also check that two parabolic matrices commute if and only if they
have the same fixed point. Classifying parabolic elements by fixed points is too
broad for our purposes, however. We need to treat 4 and BAB~!, for any
B € T'y(S), the same since (once modular forms are defined) a Fourier series
associated to 4 and one associated to BAB~! would be the same. Since if A4
fixes z then BAB~! fixes B oz, we are led to put

Definition. The cusps of a subgroup G C GL,(K) are the orbits of elements of
K U {00} under the action of G.

Proposition 7. T'y(S) and T'y(S) have h(S) cusps.

Proof. Let o € K U {oo}. Write a = r/s where r,s € O(S). (Take s =0,
r # 0 to represent oo.) We can then associate to a the O(S) ideal a =
(r, s). If we chose to write a = t/u, t, u € O(S), instead, then r/s = t/u so
(&)(r, s) = (tr, ts) = (tr, ur) = (r)(t, u). Therefore the ideal class of a is at
least completely determined, so we associate to « that class. Since every ideal
is generated by two elements, each class corresponds to at least one «.

Now let a, f € KU{oo}. Write a =r/s and B =t/u with r,s,t,u €
O(S). We will show a and B are in the same orbit under either I'y(S) or
I'y(S), if and only if (r,s) and (¢, u) are in the same ideal class of O(S).

First let B = (2%) € I'y(S) and suppose Boa = f. Then (25) o (r/s) =
(t/u) implies that

(a b)(r>=l(t) forsome A e K.
c d)\s u
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So (A)(¢, u) = (ar+bs, cr+ds). But since B is invertible, then (ar+bs, cr+
ds) = (r, s) as ideals in O(S). Therefore (¢, u) and (r,s) are in the same
ideal class.

Conversely, if (r,s) and (¢, u) are in the same ideal class of O(S), then
multiplying through by elements of O(S) if necessary we might as well assume
that o =r/s, f=t/u,and (r,s)= (¢, u) =a. But then elements e, f, g, h
of the O(S) ideal a~! can be found such that er — fs=1 and gt —hu=1.

Then
t R\ (r f\ . r_t
u g)\s e s u

(; z)<; g)_lermsy o

A full understanding of the cusps requires the explicit construction of a fun-
damental domain for the action of I'y, and I'y », on H(S), which can be done
as in [Si]. These groups are readily seen to have h(S) cusps themselves. Each
(representative of a) cusp (as defined here) is indeed fixed by some parabolic
elements of even the group SL;(O(S)). Furthermore, following the discus-
sion of [Si], fundamental domains can be constructed that are bounded except
for pieces stretching off to one representative of each cusp.

Proceeding from [H] where the same groups naturally arise, Gundlach [G1,
G2] investigated Hilbert modular forms for the groups I’y ,. In fact, he de-
veloped a rather full theory of Eisenstein series and Poincare series, including
estimates on the dimension of the space of cusp forms of given weight.

and one checks that

III. MODULAR FORMS
Following Stark we set
Definition. The S-norm of a vector z = (..., zp,...) € HpGSLP is

Ns(x) = H Zp H |Zplp -

p real PES not real

(If we considered complex primes, then here |zp|, for p complex would
denote the quaternionic absolute value squared,

X1 + X2i + X3j + Xakl|p = x? + x} +x2 + x2.)

In particular, if x € K is viewed as a vector in Hpe sLyp, then Ng(z) € Z if
z is an S-integer and Ng(z) = £1 if z is an S-unit.

Definition. A function f on H(Ss,) will be called locally constant if it is con-
stant on all sets of the form M,, for w € H(Sg,).

Definition. The weight k S-slash operator on functions f defined on H(S) is
given by

fls kA (z) = flxA(z) = Ns(det(A))¥/*Ng(cz + d) ™ f(A 0 2)
forany 4= (2%) e GLy(K).
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If k is odd then we must fix some choice of the square root, say the principal
value.

This operator is just the product of the local slash operators of §I for each
finite prime in S and the obvious local slash operators for the infinite primes.

We also recall the weight k Laplacians for the real infinite primes.

Definition. If p is real prime and z, = x + iy, let

92 9?2 0 o
— 22 _
Ay k=-y (6x2+6y2)+lky(a +lc’)y)

This is the fundamental differential operator commuting with the local weight
k slash operator, and is the model after which T}, , was constructed for finite
primes in §I. Thus A, ; and T, ; commute with the S-slash operator as well.

By using vector forms as in [Sr], complex primes can be handled, though
things become a bit messier. Alternately, by restricting to weight 0 some of the
difficulties are circumvented and the following material goes through in essence.
One need only define a weight 0 Laplacian

A __2(3_2+6_2+8_2)+ i
p.0= 7Y ox}  ox3  0y? Yoy

for p complex, z, = x| + ix; + ky as in [Sa].
We restrict our attention here to cusp forms in order to focus on the new
aspects of the theory introduced by the p-adic planes.

Definition. If K is a totally real number field, then an S-modular cusp form of
weight k and eigenvalue system A for I';(S), where A = {4p}pes and 4, € C,
is a function f: H(S) — C satisfying
(1) flxkA=f forall 4eT(S).
(2) If a € K is a (representative of a) cusp of I';(S), and 4 € GL(K) is
such that o = Aooo, then Ng_ (»)*/2(f]xA4)(z) — 0 as |[Ns_(¥)| — oo.
(3a) Ap xf =4pf forall peS,.
(3b) f islocally constant on H(Ss,) and T, i f = A, f for all p € Sgy .
We denote the complex vector space of such weight-k cusp forms by
Sk(T'1(S), A).

Since (' %) € I'i(S), condition (1) says that in particular

N0 = £l (5 %) @)= 1.

Since Ng(—1) = (=1)" where n = [K : Q] for a totally real field, then nk
must be an even integer if any nonzero forms are to exist.

If f e SkTi(S), A), then actually f|x4 = f for any 4 € [(y+p(S) =
{4 € GLy(0(S))|det(4) € U*(S)?}. This is simply because by the defini-
tion of the slash operator f|,(§9) = f for any & € U*(S). But then, since
Ty (S)/T(y+3(S) is a finite abelian group (isomorphic to U(S)/U +(S)? under
the determinant map), we can decompose

(T(S), A) = EBSkrU ) x5 A)
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where the sum is taken over all characters y of U(S)/U*(S)? and f €
Sk(Tu(S), x, A) means f € Si(I'1(S),A) and f|x4 = yx(det(4))f for
any A € I'y(S). If k is even then actually f|(&9) = f forany & € U(S), so
that y must be trivial on U(S)2.

Recall from the theory of partial differential operators that condition (3a)
implies that f is smooth in z, for each infinite p.

If feS(Ti(S),A), then fli(y!)(2) = f(z+1) = f(z) forany t € O(S).
Thus f should have a Fourier expansion at the cusp oo. In fact, it should
have a Fourier expansion at every cusp. Since by taking S large enough we can
ensure that 4(S) = 1 so that there is only one cusp, we will omit considering the
more general multiple cusps. The modifications usually used in more classical
settings to handle cusps other than oo can all be carried out here easily.

We must recall some facts from harmonic analysis on the spaces we are
dealing with. The following definitions and proposition can be found in Tate’s
thesis [T].

If p isa prime of K and K, the completion of K with respect to p, define
the additive homomorphism ®,: K, — R/Z so that ®, is the composition of
the sequence of maps

TrK"
[ ()]
Ky —3Qp =5 Qp/Zy ~5R/Z.

Here Q, is the completion of the rationals with respect to the rational prime p
(possible oo) over which p lies and @, is the obvious quotient map. If p is
infinite, then ®, is the identity, while if p is finite, then ®, sends an element
of Qp/Z, ~ Q/Z into R/Z via first multiplying by —1 and then utilizing the
inclusion of Q into R.

Proposition 1. The additive group K, is self-dual under the identification of v €
K, with the character x — exp(2ni®y(vx)). Furthermore, for finite p, this
character is trivial on O if and only if v € 8;!, the local inverse different.

(We will use J, to mean both an element of K, and the ideal it generates.)
Now we piece these together to study O(S).

Definition. The S-trace of a vector x € [[,csKp is Trs(x) = 3,5 Pp(xp) €
R/Z.

If we define multiplication of two vectors v = (..., 1p,...) and x =
(.er52p,...) In HPGSK,, by vx=(..., pxp,...), then

Proposition 2. The additive group [,cs Ky is self-dual under the identification
of a vector v € [Ipes Ko with the character x — exp(2mi Trs(vx)).

It is natural to introduce
Definition. The S-different 6(S) is the O(S)-ideal defined by
3(S)™! = {x € K| Trg(xa) = 0 for all « € O(S)} .

That is, the inverse S-different is the dual module of O(S) with respect to
the S-trace. Note that J(S,,) is just the usual global different. J(S) is also
easily identified by
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Proposition 3. J(S) is the ideal generated by 6(Sy) in O(S).
Proof. Recall (cf. [La]) that for any x € K

X) = Z Trg:(x)
plp
in Q, for any rational prime p. Then considering the partial fraction decom-
position of the rational number Trg(x) as ap+ Zp a,/p™ where 0 < a, < p™
and g; € Z, this means

(3.1) Trs,, () + »_ Pp(x) =
p finite

Let x € 0(Seo)”1O(S). Then if p ¢ S, ®p(xpap) = 0 for all ap € G,.
Thus if o € O(S), then (3.1) implies

Trs(xa) ZQ XpQp) =
pES
and thus x € §(S)~! so that 6(Sx)~'O(S) C 6(S)~!.
Now suppose x ¢ 6(Sw)~'O(S); ie., x, ¢ J,! for some p ¢ S. Then
we can find a B, € G, such that Trg:(x,,,B,,) ¢ Z,. Now by the Chinese
Remainder Theorem we can find an o € O(S) such that Trg: (xXqaq) € Zy for

all finite q # p and Tr *(xpap) ¢ Zp. Indeed, this places restrictions on «
only at the prime p (where we require ap = f, mod p” for n large) and for
the finitely many other primes q where x,d, ¢ O,. But then (3.1) implies

Trs(xa) = Trs, (xa) + Z Dy (Xqaq) = —DPp(xpap) # 0.
Q€ Shin

Thus x ¢ 6(S)~! so that 6(Sw)~'O(S) =4(S)~!. O

We now consider the space we are really interested in for application to
Fourier series.

Proposition 4. [],.s Kp/O(S) is compact and its characters are identified by
x — exp(2ni Trs(vx)) for v € 6(S)~!
Proof. Let x = (..., Xp, ...) € [[,es Kp- Then we can find a ¢ € O(S) such
that x, — t € G, for each p € S, by the Chinese Remainder Theorem. So
x — t € [pes., Kp % Ipes,, Op - Since the G, are compact and it is well known
that [],cs  Kp/O(Seo) is compact, then [[,cs Kp/O(S) is compact as well.
Now from Proposition 2 we look for all v € [[,csKp such that x —
exp(27i Trg(vx)) is trivial on O(S). Suppose v = (..., v, ...) gives such a
character. Then choose an « € U(S) such that apvpdy € G, for each p € Sg, .
Then ®,(vpapxp) =0 for any xp € G, so in particular

0 = Trs(vax) = Trg_ (vax)

for any x € O(Sw) -
But if {x;, , x2,...,Xs} is a Z basis for O(S), then there is a dual Z
basis {di, d>, ..., dn} of 6(Sx)! such that

1 ifi=j,
Tro(dx;) = { 0 ifi#j.
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Since the d; span the R-vector space [les, Kps then voae = i mid; for
some m; € R. So

0 = Trg_ (vax) = Trg_ (Z mid,-x) = Z m; Tr§(dix) mod Z

for all x € O(Sw) . Then taking x = x; shows m; =0mod Z. Thus vea €
0(Sx0)7 L.

SO Voo = oo for some u € 5(S)~!. Then B = v —pu has component B, =0
at each infinite p. But still Trg(fx) = 0 for all x € O(S), and since we can
choose an x so that x, has arbitrary order at the p € Sg, (by the Chinese
Remainder Theorem), this implies S, =0 for all p € S, .

Thus v =p€d(S)"!. O

With the above characters identified, we can represent a modular form f by

its Fourier series
fz)= ) a,(y)exp(2miTrs(vx))
ves(S)-!

where the a,(y) are of course explicitly representable as integrals. This equality
of functions is in the L2 sense on HpGSo K,/0(S).

We would, of course, like the Fourier series to converge to f absolutely and
uniformly on compact sets. If there were only infinite primes to deal with, this

would be simple to show, but unfortunately it is not immediate for more general
S . We first need

Lemma S. The individual terms of the Fourier series of

f)= ¥ a(y)exp(2niTrs(vx))

ves(S)-!
are locally constant on H(Sg,).

Proof. Fix some p€ Sg,. Let e=(1,...,1,¢,1,...,1) for some ¢ € U,
andlet a=(0,...,0,0ap,0,...,0) for some o, € G,. We must show that
a,(ye)exp(2ri Trg(v(x + ayp))) = a,(y) exp(2mi Trg(vx)).

But
a,(y) = Sf(u+ Iy)exp(2ni Trs(vu))du
I1,cs Ke/0(5)

where du is the appropriately normalized additive Haar measure on [pes Ko -
Therefore,

a,(ye) exp(2ri Trg(v(x + ay)))

/ Sf(u+Iey)exp(2ni Trs(vu)) du exp(2ni Trs(v(x + ay)))
[L,es %/0(5)

= /f(u + ay + Iey)exp(2ni Trs(v(u + ay))) duexp(2ni Trs(v(x + ay)))

by translation-invariance of du. But f(u+ay + Iey) = f(u + Iy) since f is
locally constant, so

= /f(u + Iy)exp(2ni Trg(vu)) du exp(2ni Trs(vx))
= a,(y)exp(2niTrg(vx)). O
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Lemma 6. a,(y) depends on y, only up to multiplication by elements of U,
and a,(y) =0 unless dpvpyp € Op for all p € S, .
Proof. Consider more generally any locally constant function g: H, — C of
the form
8(zp) = c(vp) exp(2miPy(vpXxp))
where v, € K.
By local constancy, ¢ depends only on |yp|, and

g(xp + Ipyp) = g(xp + ayp + Lyyp)
for any a € G,. Thus
c(¥p) exp(2mi®@y(vpxp)) = c(¥p) eXp(27iDp(1pxp)) €XP(27iDy(1payyp)) -

Therefore if ®p(vpayp) # 0, then c(yp) = 0; ie., if Trg:(upay,) ¢ Z,, then
c(vp) =0. Thus c(yp) =0 unless vy, €d,'. O

We can now return to considering the convergence of the Fourier series for

f.

Lemma 7. The Fourier series 3, 5s)-1 av(y) exp(2ni Trs(vx)) converges to f
absolutely and uniformly on compact sets.

Proof. Since f is locally constant in the z, for finite p, we need only show
convergence as stated for any fixed zg,. To this end, let w = u + Iv € H(Sg,)
be fixed and set g(zwo) = f(200, W).

Now gli(§!) = g for any t € O(S) such that (J!)o M, = My; ie,
for any ¢ € O(S) such that t,/v, € G, for each p € Sg,. But this just means
t € Id(Iv). Thus g has a Fourier series and modifying the proof of Proposition

4 to identify the characters on [[,.s  Kp/Id(Iv), we see that it is of the form

> b, (Voo) exp(27i Trs_ (V Xoo)) -
VES(Seo )~ Id(Jv) !

Now since g is smooth in each of the z, for infinite p, then in the inte-
grals giving b, we can apply the usual differentiation trick to conclude that the
Fourier coefficients decay rapidly enough that the Fourier series of g converges
absolutely and uniformly to g.

We now must relate this to the Fourier series of f. We know

2
n
f(z) = )_a,(y)exp(2ni Trs(vix))| dx — 0
/ I1,cs Ke/065) ,;
as n — oo. Therefore
n 2
[ 172 - S auexpaiTrs(ui)| dx -0
c i=1

for C any compact set in [[,c5 Kp . In particular if we take

C =[] Kp/1d(v) x My,
PESw
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then we see that

f(zoo ’ w) - zn:al/i(yoo ) ’U) exp(27tiTrS°° (Vixoo))
i=1

2
x exp(2mi Trg, (viu))| dxeo — 0

H.e 5o Ko/ 1d(10)

as n — oo. Thus

8(200) = f(Zoo, W) = Y (Yoo, v) exp(27i Trs,, (v Xoo) Jexp(27i Trs,, (vur))
vEH(S)!

as L? functions on [l;es., Kp/1d(Iv). Since by Lemma 6 a,(yo, v) vanishes
unless dprpvp € Op for each p € S, , we have

8(ze0) = > a4, (Voo , v) exp(2mi Trs,, (v Xoo)) €xp(271 Trs,, (v1t))
VES(Seo) ' 1d(Iv)~!

as L? functions. This, then, must be the Fourier series for g which we already
have shown converges as desired. Thus the series for f converges as stated at
any fixed zg, € H(Sga). O

From the conditions other than translation invariance that f satisfies, more
can be deduced about the Fourier coefficients a,(y). We begin with

Lemma 8. |a,(y)| < C|Ns(»)|~*/2 for some C depending only on f.
Proof.

a,(y) = /H,ES /0 f(x+ Iy)exp(2mi Trs(vx))dx.

But h(z) = Ns(y)*/|f(z)| is invariant under z — Aoz for any A € I'|(S).
Moreover, by the growth condition (2) of the definition of a modular form,
h is in fact bounded on a fundamental domain for I';(S) and hence on all
of H(S). Thus |f(z)| < CNs(y)~*/? for some C; and therefore the result
follows from the above integral. O

Again we emphasize that we have restricted our attention to the case K is
totally real for simplicity. Since the infinite primes are handled in [R] (or [Te]
in the weight 0 case), we merely sketch those cases.

Since Apf = A,f for each real p, a calculation and the uniqueness of the
Fourier series shows:

Apa, () exp(2ni Trs(vx)) = Apa, (v) exp(27i Trg(vx)) .

But by separation of variables, this means a,(y) satisfies a certain second order
differential equation in y,. From the fact that a,(y) — 0 as y, — oo by
Lemma 8, the solution can be identified and we are led to conclude that

a,(¥) = by({Va}aes, #0)Vs " Wegniwik/2.5-1/2(4|1p|yp)  for yp >0,
ap(y) =0.
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Here s is such that s(1-s) = A,—(k/2)(1-k/2) and Wy ,(y) is the Whittaker
function which is the solution of:

arw -1 B 1/4-pu?
. .4 W =
dy2+(4+y+ y? ) 0
and decays exponentially as y — co.
We define the function W2 (py,) tobe ([plyp) ™/ Wignyk /2, s-1/2(47|v|vp) -
The finite primes we treat in more detail. Fix any p € Sg, .

Lemma 9. The individual terms of the Fourier series of f are eigenfunctions of
T, with eigenvalues A, .

Proof. For any function g(z,) = a(yp) exp(2ni®y(vpx,)): Hp — C, where v, €
Kp Y

pf
To(zp) = |7 Y a(myy) exp(2miDy(vp(xp + ci¥p)))

i=1
+ |n|'*a(ypn ") exp(2miDp(vpx,))

= b(yp) exp(2niDy(vpxp))

for some b(yp). Applying this to
fz)="Y a(y)exp(2miTrs(vx))
ved(Ss)-!

yields

Tof(z) =) b.(y)exp(2mi Trs(vx))
where b,(y) is given by

Ty(a,(v) exp(2ni Trs(vx))) = by (v) exp(2mi Trs(vx)) .
But since T,f = 4pf , the uniqueness of the Fourier series implies that
Ty(a,(y) exp(2mi Trs(vx))) = Apa, (v) exp(2mi Trg(vx)). O

Consider any locally constant function g(z,) = c(yp) exp(2mi®p(pX,)) :
Hy — C, where v, € K, such that T,g = 4,8 .

By the proof of Lemma 6 if dprpyp ¢ Gp then c(yp) = 0. Letting d(yp) =
(6, vy 'yp) , we have d(y,) =0 if y, ¢ G, and

8(zp) = d(dpvpyp) eXP(2TiDy(1pXp)) .
Since T,g = Apg and
o
Ty8(zp) = |7y Z d(Gpvpmyp) exp(2mi®p(vp(Xp + i¥p)))

i=1
+ |m|i~*d(Sprpm " vp) exp(27iPp(vpXy))
we see that when dp1pyp € Op and therefore ®y(vpa;y,) =0, then

Apd (Op1pYp) €Xp(2TiDy(1pXp))
= (d(Sprpmyp) + ||y~ d (Svpm ™" yp)) eXD(27iDp(1pXp)) -
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Therefore, if y, € Oy, then
Apd(yp) = d(myp) + |75||l>_kd(75—lyp) .

Definition. The weight k p-adic Whittaker function of eigenvalue 2, is VI{{:”‘ :
Ky — C defined by

0 if ordyy, <O
Wp,k — PP ’
W ) {1 if ordyy, = 0.

and
W2 K(yp) = WK (myp) + |7ly* W2 (n'yp) for ordyy, > 0.

With this definition, we have that d(yy) = d(1)W2* ().
Applying the above discussion to the Fourier series of f yields

Lemma 10.
f(2)= Y b({Valees, 2) W2 (dpvpyy) exp(2mi Trs(vx)).
ves(s)-!
Combining this result with the earlier one for infinite p gives

Proposition 11. For y, > 0 for each infinite p, f has Fourier series

fo)= 3 a, WS 6vy) exp(2ni Trs(vx))
ved(S)~!
where Wi’k(y) = [lpes I/Vlll”’k(y,,) and 6 = (..., 0p,...) whereweset o, =1 if

P € Sw and otherwise Jy is the local different. This series converges absolutely
and uniformly on compact sets.

If we consider two sets of primes S; C S, containing S, then (S;)~! C
4(S,)~! and thus there are “more” terms in the Fourier series and hence “more”
Fourier coefficients for an S, form than for an S; form.

But f|(&,%) = f forany & € U*(S) means

> a,W3 ¥ (vely)exp(2mi Trs(vedx))
vesd(S)-!
= Z a,,Wi’k(évy)exp(27ziTrs(1/x)).
veb(S)-!
Equating Fourier coefficients shows a, = a,,. . Thus the presence of additional
coefficients is deceptive since many are the same and therefore contain no new
information.

Lemma 8 can also be used to say something about the growth of the p-adic
Whittaker function that occurs in the Fourier coefficients of a cusp form f.

Lemma 12. If f is a cusp form with T,f = A, f, then |Wl':*k(y,)| < Clyplp*?
for some C depending only on f.

From Lemma 8

la, W3 (8vy)| < CiNs(y) ™.
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For each q€ S, q #p, choose y, so that m:’k(éququ) # 0. Then

—k/2
W2 Gprpyp)] < Calvly ™

SO
—k/2
IWE* ()] < Calygly /2.

IV. THE DIRICHLET SERIES ASSOCIATED WITH A MODULAR FORM

Let f € Si(I'y(S), A) for some totally real number field K. To simplify the
analysis at the infinite primes, let us assume that f is actually holomorphic in
each z, for the infinite p (i.e., 4, =0 for all p € S,). If this is not the case,
the necessary modifications are well known from any work on Maass forms.

From §III, for each p € S, we therefore have that

. exp(2mivpzy) if vy >0,
uﬁ:’k(u.,yp) exp(2miPp(vpxp)) ={ ( »Zp) v

0 otherwise,
SO
f2)= Y a,W3*(vy)exp(2niTrs(vx))
ves(S)!
v>0

where v > 0 means v is totally positive and Wg‘:’k (vpyp) = exp(—2mrpyp) for
PESw-

Recalling that a, = a,,. for any ¢ € U*(S), it is natural to consider the
formal Dirichlet series

ay
Ns(v)s*

L(f,S)= Z

ves(s)=!/U*(S)?

In order to discuss convergence of this series we must first understand the
growth of the a, .

Lemma 1. |a,| < CNg(v)¥/2 for some constant C depending only f.
Proof. From Lemma 8 of §III

|la, WSk (vy)| < C\Ns(p) 2.

Now choosing any vector a such that Wi’k(a) # 0 and then letting y = a/v
we get |a,| < CNg(v)*/2 for some constant C. O

Lemma 2. The series defining L(f,s) converges absolutely and uniformly on
compact sets for Re(s) > k/2+1.
Proof. In light of Lemma 1, we must show that

>, Ns(v)~?

ves(S)! /U (S)
v>0

converges for ¢ > 1. But this is majorized by

Y INs()I7" <Y NE(a)~°

ved(S)-1/U(S)
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where the sum is over fractional ideals a of O(S.) such that ad(S.,) is integral
and a has no prime factors appearing in S. This in turn is majorized by

N§(6(Sw))” Y N&@)—
aCO(Sx)

where we sum over all integral ideals, and this last is just the Dedekind zeta
function of K which is well known to converge for ¢ > 1. 0O

In preparation for discussing the analytic continuation and functional equa-
tion of L(f, s), we must first introduce the appropriate Gamma functions for
each prime pe S.

First let us fix the notation for some groups and measures we will be using.
Let

K} =

{ R*, the positive reals, if p is real,
P

Ky if p is finite.

We use dy,¢ to denote the multiplicative Haar measure on K; normalized so
that dy, = dy,/y, for p real and dy, gives U, mass 1 for p finite.
Definition. For any prime p € S, let I'y(s) = [, K; Wl‘:’k (Gpyp)Moly dyy .

A change of variables shows that for p real

oo

Ty(s) = (21)~ /0 exp(=p))* ";y- — (21)~T(s)

where I'(s) is the classical I" function. Thus I'y(s) has an analytic continuation
to the whole complex plane and is well understood.
For p finite, a change of variables gives

Ly(s) = 4lg* [ W2 el g
= |5p|;5(1 + n/ll:’k(ﬂ)|7t|s + I’V):’k(ﬂz)lﬂzP Fon).

Now from Lemma 12 of §III, IWA':”‘(n”)I < C|rn"|7%/2, so this series is ma-

jorized by %, |nn[s*/2

which converges for Re(s) > k/2. But since
WK (vp) = WEK(myy) + |m|' * W2 (n 1)
then for s sufficiently large

(1= Aplzl* + 7| *+2) (1 + WK (m) |l + WRH(m2) w2 + ) = 1.

Thus an analytic continuation of I'y(s) is given by

Ty(s) = 101 7° (1 = Aplml* + |m|'*+2) ="
Note that the dependence of I'y(s) on A, has been dropped from the notation.
Theorem 3. If f € S, (I'1(S), A) is holomorphic, define

R(fs S) = HFP(S)L(f9 5).

pES
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Then R(f,s) continues to an entire function on the whole complex plane which
satisfies the functional equation

R(f,s)=i""R(f, k —5)

where n = [K : Q].
Proof. Consider

Ro(f,5) = / FIy)NsO) dy?

e 5107057

where dyg = [[esdyy -

First, since the integrand is invariant under y — &2y for ¢ € U*(S), this is
well defined provided that it converges.

At least formally we have

Ro(f,9)= [ S e WokGuy)NsO) | dvs
HpESK;/U+(S)2 VG(;(S)_I }
v>0
(4.) = ‘ Y. aWrHOwy)NsO) | dys
HresK' v€ES(S)~/U*(S)? )
v>0
= Y a WS (8vy)Ns(y) dyg
ves(S)~!/U(S)? [Les &
v>0

Y aNsw)™ /n W @yINs ) v

ved(S)~/U*(S)? pes P
v>0

> a,Ns(v)™ H/ Wx,’k(ap)’p)b’phs’ dyy
ves(S)~! /U (S)? pES Ky
v>0

= [[Te)L(S, ).

peES

(4.2)

Now for Re(s) > k/2+ 1 from Lemma 2 and the discussion of the I" func-
tions, both the integrals and the sum in (4.2) converge absolutely. This justifies
the interchange of the sum and integral at (4.1) and shows both the absolute
and uniform convergence of the original integral and that Ro(f, s) = R(f, s)
when Re(s) > k/2+1.

We now make a change of variables in the integral defining Ro(f, s). Fix
some infinite prime q and let So = S—{q}. Then consider f(Iy) as a function
of u and y, for all p € Sy, where u = Ng(y) € R* so that yq = #/Ng, ().
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Then

x sd_u
R(f)= [ ( /n e T dyso) w

! du
= Iy)dyg | v' —
/u=0 (/Hpeso K;/U+(S)2 f( y) yso) “

o du
+ Iy)dyd | us —
/u:l (/HIESO K;/U+(S)2 f( y) yso) u

=L+1

where both of these integrals converge absolutely and uniformly on compact
sets for Re(s) > k/2 + 1. Actually I, converges absolutely and uniformly on
compact sets for all s € C (by comparison with a large real s), and thus defines
an entire function.

Replacing u — 1/u and y — 1/y in I, gives

0 du
I =/ / Iy YdyX Ju—s=.
1 el ( H,eso K} /U*(S)? f( y ) ySo) u

But f = fl;(97') implies that

f(Iy) = f(Iy~")Ns(Iy)~*.
Since Ngs(Iy) = i"Ns(y),

n=it [T fay)dyg, | w42,
u=1 ]'[’ESO K} /U*(S)? u

This defines an entire function exactly as I, . Thus R(f, s) extends to an entire
function.
Moreover, it is clear from this integral representation of R(f, s) that

R(f,s)=i""R(f,k-s). O
Written out in full

R(f,s)= ] @)= T(s) [] 16plp°(1 = Apll* + |7|' — k — 25) "
PESx PEShn
a,
SR DN ook

ves(S)"! U (S)?
v>0

Now if S contains all primes appearing in the global different §(S.,), then
d(S) = O(S) . Moreover, if D§ denotes the discriminant, then

-1 -1
ID5| =N5(§(S°°)) = ( H |5plp) = (H |5p|p)

p finite PEShn
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so that
R(f, ) = (2m)~"|DEIFT(s)" T[ (1 + WEHm)al + W adla2 +---)
PEShn
ay
X RGP

ved(S)~'/U*(S)?
v>0

- (o IDEITON Y rE
aCO0(S) Q
for appropriate numbers b(a). In fact, if we merely dropped the condition on
f that T,f = A,/ we could have reached this point (but of course we would
not be able to relate the b(a) to the Fourier coefficients of f as nicely).

On the other hand, if we wish to pull other Euler factors out of the series
L(f,s), then we can either add more primes to .S, or develop a theory of
Hecke operators for primes not in S. Provided that S has been chosen so that
h(S) = 1, there is no difficulty in following this last course almost exactly as
in [Sh], though some care must be taken since we want to associate a Hecke
operator to an ideal and not to any of its generators. This will be done in §VI.

V. RESTRICTING AND EXTENDING S

Suppose that for a totally real field K we consider two finite sets of prime
So, S1, such that S; D Sg O Seo. Then if f € Sk(FU(Sl), X1, A1) so that
7 H(S;) — C, then it is easily seen that if we let f(z) = f(z, w) : H(Sp) —» C
where w = (..., I, ...) as p runs through S§; —Sp, then

S € Sk(Tu(So)» xo, Ao)

where o is just the restriction of x; to U(Sp) and Ag is the subset of A
corresponding to the primes in Sy. To see this one need only note that if
A €eTy(Sy) then Ao My, =M, .

The question then arises whether this process can be reversed; that is, can an
So-form be extended to an S;-form? To do this we must first decompose the
space Si(L'y(So), X0, Ao) -

First we note that I'y(Sp) can be enlarged by trivial actions. Since for ¢ €
U+(S1) wesee that |, (§9) acts trivially on any element of Sy (I'y(So), X0, Ao)
then S (Tu(So), X0, Ao) = Sk(To, 0, Ag), where I'g is the group generated
by I'y(Sp) and matrices of this form, and ¢, extends xo and is 1 on elements
of U +(S1)2 .

Let I'y = {4 €Ty(S))|do M, = M} with w as above. Then by Corollary
4 of §1, if A €T, then for each pe S, — S,

n
(5 %)
where A4, € GLy(Gp). In fact, if we set V, = det(I'y) C U(S1) and W =
det(I'y) , then the sequence
0-Tog—Ty—Vy/Vo—0
is exact. Since V,,/V; is finite and abelian, then

Sk(Tu(So)» x0> Ao) = D Sk(Tw» ¢, Ao)
¢
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where ¢ runs through characters of ¥V, extending ¢¢ and f € Sy(I'y, ¢, Ag)
means that f € S (T'y(So), X0, Ao) and flx4 = ¢(det(4))f forany A €Ty, .

Now for f € Si(Tw, ¢, Ag), define f : H(So) x My, C H(S;) — C by
f(z,1) = f(z) for any 7 € M,,. Then if x; is any character on U(S))
extending ¢ then we can use the condition f|x4 = y;(det(4))f to extend f
to a function f on H(Sp) x (T'y(Sy)o My) C H(S,). We note that such x; are
easy to construct since U(S))/V,, is finite.

Unfortunately, as the examination of the fundamental domain in §II, Propo-
sition 2 showed, H(Sy) x (T'y(S)o M,,) is not necessarily all of H(S;). There-
fore we set f(z) =0 forall z € H(S)) where we have not yet defined it.

Note that for p € Sy, we have T, f= (Tp f ) since T, acts only in the z,
variable and commutes with the slash operator. A look back at the definition of
a modular form shows that f satisfies all the conditions except possibly (3b)
for those primes p € S} — Sy . That is, we do not know whether 7,f = 4,f for
some A, € C for these primes. We will have to return to this problem in the
next section.

In particular we note that the above process allows classical Hilbert modular
forms (i.e., So-forms) to be brought into the theory of S-forms for larger S .
Then, once we diagonalize the action of the 7, for p € S — S, this will show
the existence of S-forms.

Finally, it is worth pointing out that it is necessary that our modular forms
be locally constant on the Hj for finite p so that this extension process works.
Since I'y(So) o I is dense in M;, for any p ¢ So, then if f is modular on
I'y(So), its extension to F(Sp) x H, must be constant as z, ranges through
M, and hence through any M .

VI. HECKE OPERATORS THROUGH DOUBLE COSETS

Hecke operators are usually defined directly in terms of double cosets, so that
while it is clear there is a connection to the 7, as defined here, it has not been
made fully explicit yet.

Let S, C Sp C S; be finite sets of primes of a totally real field K. Suppose
further that A(Sp) = 1 and chose any p € S; —Sp. Then T, can be defined as
in §I for S;-forms and defined via double cosets for Sp-forms.

One easily proves

Lemma 1. Let Sy D Soo be such that h(Sp) = 1. Let p = (n) as an O(Sp)
ideal for some p ¢ So. Then

0 1 j 0
riso) (5 ) riesn = Uris) (o %)ures (5 9)
where the «; run through a complete set of representatives of O(Sp)/p, is a

disjoint double coset decomposition.

Now we can consider the double coset Hecke operator given (except for nor-
malization) by

Sk, s,T1(S0) (g >F1 So) = Z:f'k 54
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where the A4; run through a complete set of right coset representatives of the
double coset. This is clearly independent of the choice of the A;.

Proposition 2. Under the conditions above, if f € S(Tu(S1), x1, A1) and
f(2) = f(z, w) € Sp(Tu(So), xo, Ao) is its restriction as in §V, then

Tz, w) = Tl s Tiso) (§ ) Tiso).
Proof. By Lemma 1

T s i) (5] ) TSz

= Tyl ™ [Zﬂk,so (6 ¢)@+ks (5 1) (z)]
= Ty [Zf ((6 5)ez) N

+f ((” ?) o z) Nso(n)"/z}

=7(%) [ml.,zf(( ) oz, w) N, ()2

+|m|p~ f((n ?)Oz,w)Ns,(ﬂ)k/z}-

Now since fl 5,4 = x1(det(4))f f
= X (®u(m llnlpi( (6 %) ow) Ns(m)™+/2Ng(x1) 412

-1
(g (1)) o w) Ns(n)k/st(ﬂ—l)k/z]

or AeT'y(S)),

= (Tp)(z, w)
since w=(...,IL,...). O

This makes clear that it is unimportant from the standpoint of Hecke op-
erators whether additional primes are killed off by being included in S after
h(S) = 1 already. Thus in the case A(S) = 1, a full theory relating modular
forms to Dirichlet series with Euler products can be developed. One also sees
immediately from this that all of the 7, commute, regardless of their defini-
tion in terms of double cosets or integral operators since they can be viewed as
integral operators which obviously commute.

If Soo C Sp C S are finite, x; is a character of U(S);), and Ay is an eigen-
value system for Sy, let Si(I'y(S)), x1, Ag) be the vector space of functions
satisfying all the requirements to be in S, (I'y/(S)), x1, A1) except possibly that
there is no A, such that T, f =A,f for p ¢ So.
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We wish to show that

Sk(Tu(81), 21, Ao) = P Sk(Tu(S1), 11, A1)
Ay

where A; runs through eigenvalue systems for S; extending Aq. In order to
do this we will need two facts: (1) S;(I'y(S1), x1, Ao) is finite dimensional;
and (2) Si(I'y(S1), x1, Ao) has a scalar product with respect to which T,
is Hermitian. If these two conditions are met then since the operators {7}
commute, they can be simultaneously diagonalized, and our space of forms
decomposes as desired.

From investigating the fundamental domain of I'y(S;) in Proposition 2 of
§II, we know that f € S (I'y(S1), x1, Ag) is fully determined by a finite num-
ber of classical Hilbert modular forms, modular with respect to the groups I, .
As does Herrmann, we cite the work of Maass to see that the spaces of forms
on such I'y, (in fact on subgroups of these) is finite dimensional (at least in the
holomorphic case, though the proof should generalize). Thus we leave (1) as
settled.

(2) is more involved, but again reduces to standard results. We first must
define a scalar product.

Definition. The Petersson scalar product on S;(I'y(S1), x, Ao) is defined by
(. &hrus) = [ 15N, ) dz
1

where F; is a fundamental domain for I'y(S;) and dz = [l,es d2zp where

dz, = { Yy *dxpdy,  if pis real,
P7  du(zy) of §1 if p is finite.

Since dz is GL,(K) invariant and the integrand is I'y(S;) invariant, one
sees that (f, g)r,s,) does not depend on the choice of the fundamental do-
main. By the growth conditions on cusp forms, this integral actually converges,
and one checks that it satisfies all the requirements for a scalar product.

Lemma 3. Suppose f, g € Sk(Tu(S1), x1, Ao) and let p € S, be finite. Sup-
pose in addition that S, is large enough that if Sy =S| — {p}, then h(Sp) = 1.
Then

(Tof\ &)rusy = (F5 To8rycs) -
Proof. Let 2 € H(Sy) be z € H(S;) with the z, component deleted. Let

~

f(2)=f(2, L), g(2) = g(z, I,). Then
(Tof» &)ry(s) = /F (Tpf)(2)2(z)Ns,(v)* dz.

But since h(Sp) = 1, F; can be taken to have the form F x M, where F C
H(Sp) is a fundamental domain for

IF'={4eTy(Si)|4do My, = M} >Ty(So).
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Note that F is also a fundamental domain for I'y(Sp). So

(Tof s B)rosy = / (Tof)(2, 2p)B(Z. 2p)Ns, (v o) dz
/ (To )2, 1)E(E, Tp)Ns,(9)* dz

- /F (To/)(2)8(B)Ns, ()" dz
=(Tof, &)ry(sy) -

But since A(Sp) = 1, by Proposition 2 we have

= n(@)nly "/2<Zf|kA,, >

where the A; run through some choice of double coset representatives.

The proof can now proceed exactly as the usual proof for Hecke operators
defined in terms of double cosets (cf. [Sh]). We omit the rather involved but
standard argument. O

Ty (So)

It is of course disappointing to rely on the classical double coset definition
of Hecke operators in this proof, particularly when one considers Proposition
12 of §1. Regardless, we have

Corollary 4. Let S| be large enough such that for any finite p € S, if we let
So =S1 — {p}, then h(Sy) =1. Then

Sk(Tu(81), x15 Ao) = D Sk(Tu(S1) s x1, Ay).
. A

Corollary 5. For any S,

Sk(Tu(S1), 21, Ao) = P Sk(Tu(S1), 21, Ay).
Ay
Proof. By §V any f, g € S, (T'v(S1), x1, Ao) are the linear combinations of
restrictions to H(S;) of elements of S, (I'y(S3), ¢i, Ag) where S, is a large
enough set of primes that O(S; — {p}) has class number one for all p € S, and
¢; extend ;. Since these spaces have a basis of eigenforms of 7, and since
T, behaves well with respect to restricting forms back to Si(I'y(S1), x1, Ao),
that space has a basis of eigenforms as well. O

VII. HERRMANN’S THEORY

In this section we will briefly show how one of the vector modular forms
defined in [H] is related to an S-modular form. However, our goal is not to
restate all of the definitions and results of that paper. Therefore, the reader
unfamiliar with the paper will find this discussion a bit sketchy.

We begin by defining a vector modular form. Rather than introduce ideal
numbers as Herrmann does, we give an equivalent formulation which will be
less notationally cumbersome.
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Let K be a totally real number field and fix some choice {a;}",, h = h(Sc),
of ideal class representatives of O(S..). Let

Fl,.,.={<‘i b) € GLy(K)|a,d € O(Sy.), bea;, cea;

d ,‘,ad—bc:l}

(as in §II),

Fv,a,-={(‘c’ 3) € GLyK)la,d € O(Sw), bea;, ceal,

ad — be € U(Soo)} :

1“2,,,:{(? 3) € GLy(K)la,d€b, beab, cea’'b,

(ad — bc) = b? for some ideal b} .

Definition. The a;-component of a weight k vector modular form is a function
f: H(Sw) — C satisfying

(1) f is holomorphic on H(S.).

(2) flkA=f forall A€T 4.

(3) f is “bounded at the cusps™.

A vector modular form F is a vector {f;}i_; where each f; is an a;-
component. Such an F is said to be of type {K, —k}.

For any character y of U(S.), F is said to be of type {K, —k, x} if F
is of type {K, —k} and in addition f|,4 = x(det(4))f; for any A € I'y , .
As usual, the space of forms of type {K, —k} decomposes into a direct sum
over x of the spaces of forms of type {K, -k, x}.

Unfortunately, these are still not the forms for which Hecke theory can be
developed. In a rather complicated step that involves extending x to all the
ideal numbers and introducing a character y of the ideal class group, Herrmann
decomposes the space of forms of type {K, —k, x} into a direct sum of spaces
of forms of type {K, —k, x, w}. For our purposes it is enough to know that
if F isof type {K, -k, x, v}, then

(7.1) filkd = x(det(A))fi forall A el ,,

and there is some consistency among the components of F, in that if the
class of a; differs from the class of a; by a square, then f; determines f;.
Thus, though Herrmann does not state it explicitly, we do not really need all
h components of F, but only as many as there are elements in the ideal class
group modulo squares. (This fits with de Bruijn’s thesis result mentioned in the
introduction.)

But now using the discussion of fundamental domains in §II, it is easy to
construct an S-form from a form F of type {K, —k, x, w}. Let S be the set
of all primes dividing any of the a; as well as all infinite primes (so A(S)=1).
Renumber the a; if necessary so that {a;}”, isa complete set of representatives
of the ideal class group modulo squares. We note that y is now defined on all
of K and hence in particular on U(S).
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Now define fr : H(S) — C by defining it first on the fundamental domain
for I'y(S) of Proposition 2 of §II by

fF(zooy T) =f;(z°°) fOI'any TE Mw(ai), = la 2a 33 ey m,
and then extending fr to all of H(S) by the modularity condition
Srled = x(det(4))fr for A€I(S).

Since I'y, C Iz 4, , then by (7.1) fF is well defined and one easily checks that
it has the properties required of a modular form, except possibly that it is not
an eigenform of the 7, for p € Ss,. However, that issue has already been
discussed.
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